In the present work, we study a new model of anisotropic compact stars in the regime of Rastall theory. To solve the Rastall field equations we have used the Karori and Barua (KB) ansatz along with the quintessence dark energy characterized by a parameter ω q with −1 < ω q < − 1 3 . We present a comparative study to demonstrate the physical acceptance of our proposed model. We compare the numerical values of physical parameters obtained from our model with those of general relativity (GR) model given by Bhar [1] and observe that our model is more compatible (for some chosen values of Rastall dimensionless parameter γ = κλ) with observational data than GR model. For this analysis we have consider four different compact stars, SAXJ1808 − 3658(SSI), 4U 1820 − 30, V elaX − 12 and P SRJ1416 − 2230 with radii 7.07km, 10km, 9.99km and 10.3km, respectively. In this investigation we also present some physical aspects of the proposed model necessary to check the validity of the model and inferred that our model is acceptable physically and geometrically.
Introduction
To describe the accelerated expansion of our cosmos, a variety of extended theories of gravity have been suggested in last few decades. In this connection an interesting modification of GR has been proposed by Rastall [2] in 1972 , which attracted the attention of many researchers [3] - [19] . In this proposal Rastall confronted the conservation law of energy momentum tensor (i.e., ∇ ν T µν = 0) in a curved space-time, which is the key point of his modification to GR. In fact in a curvedspace time this conservation law (i.e., ∇ ν T µν = 0) may not hold. Indeed, in Rastall's proposal, covariant divergence of energy momentum tensor is directly proportional to the derivative of scalar curvature, i.e., ∇ µ T µν ∝ R ;ν . In this modification Rastall introduced a coupling parameter, whose particular limiting value (i.e., zero coupling) lapse back this modified form to GR. Moreover, an other important feature of Rastall theory is that the field equations are quite simpler than the other modified theories and hence easier to investigate. Recently this modification to GR has grabbed the renewed attention of researchers because of his interesting behavior in cosmological and astrophysical scenarios. In order to investigate such a new theory (Rastall theory) , it is worthwhile to study the construction of astral models also. For example, in this scenario, some rotating and non-rotating black hole solutions have been studied by special arrangement of the parameters in the realm of Rastall theory [10] - [13] . Also, the thermodynamics of black hole was discussed in [14] . Fabris et al. [15] have explored many interesting and new unexpected features of the cosmological models in the realm of Rastall theory. Moradpour and Salako [16] have studied the limitation of Rastall theory due to the application of the Newtonian limit to the theory. They also compare the thermodynamic quantities such as, entropy, energy and work of the system with their counterpart in the context of Einstein theory and observed the better role of Rastall's proposal on the thermodynamics of the system. Properties of the traversable asymptotically flat wormhole solutions were studied in [17] in the Rastall framework. Moradpour et al. [18] observed the remarkable differences between the Rastall theory and GR, in cosmological solutions. Moradpour et al. [19] further generalized the Rastall theory, to discuss the cosmic accelerated expansion. They established the non-minimal coupling between the pressureless matter field and geometry, which may be considered as the dark Energy responsible for the present accelerating cosmic phase.
Recently Darabi et al. [20] compare the Rastall theory of gravity with GR and conclude that the claim of Visser [21] that, the equivalence of these two theories, was not correct. They argued that Rastall theory is more general than GR. Indeed, Rastall theory is an "open" theory when contrasted with GR and henceforth prepared to confront the challenges of cosmological observations as well as quantum gravity ( for more detailed discussion see, for instance, [20] ). Also the influence of the Rastall parameter on static spherically symmetric perfect fluid sphere also been studied by Hansraj et al. in [22] . They discussed the behavior of well known stellar model proposed by Tolman (R. C. Tolman, Physical Review, 55, 364-373 (1939) ) in the realm of Rastall theory and compare their findings with GR model and observed that even where GR model shows defective behavior, particular Rastall models fulfil the basic requirements for physically viable model. Hansraj and Banerjee [23] further studied the influence of linear barotropic equation of state on stellar configuration in Rastall framework. They found a physically acceptable solutions influenced by the Rastall parameter, following the Saslaw's technique to find the unique isothermal fluid solution. In order to become familiar with all the interesting aspects of the Rastall theory, we think that more studies are needed, based on this theory.
Anisotropy refers to the directionally dependent properties of materials. However in the present context anisotropy △ may be defined as △ = 2 r (p t − p r ), where p t , p r and r denoting the transverse pressure, radial pressure and radius of the stellar object, respectively. The effects of anisotropic pressure in the formation of stellar objects structure and their evolution, have been studied by many researchers. Ruderman [?] originally introduced the concept of anisotropy. Later on Bowers and Liang [24] argued that dense matter may be anisotropic because of super-fluxidity and superconductivity in the presence of complex strong interactions. Herrera and Santos [25] provide an exhaustive discussion to describe the plausible reasons for the occurrence of local anisotropy in self-gravitating systems and describe its consequences. The role of anisotropy on stellar models has been discussed by Maurya et al. [26] using the functional form of the pressure anisotropy proposed by Lake. Maurya et al. [27] also suggested that the probability of having anisotropy is considerably higher in compact stars due to the relativistic interaction among the particles and throughout the region, to conserve any uniform motion they become too random. The gravitational collapse and stability of the anisotropic strange stars have also been investigated by Herrera and his collaborators [28] - [31] , while in the regime of modified theories of gravity Sharif and Abbas [32] - [34] have studied the related work. Different factors are responsible for the pressure anisotropy , such as several condensate states (like meason condensates, pion condensate etc.) and very high density in the core. Moreover, the basic idea behind the anisotropy and their consequences in different fields can be found in the literature [35] - [39] .
For the present work, motivated from the recent studies in the Rastall framework, we investigate a new anisotropic compact stars model in the presence of quintessence field in the Rastall framework. We study some physical aspects of the presented model in detail to check the physical plausibility and find the realistic behavior of the model. For demonstration we plot the graphs of the physical parameters. Also a comparative study is presented and observed that our model is more compatible with observational data than GR model. The plane of the paper is as follows: in the upcoming section, we formulate the Rastall field equations in the presence of quintessence field and obtain their solutions using Karori and Barua [40] ansatz. We give the detailed discussion of the physical features of presented model in section 3. Finally, we summarize our findings in section 4.
Rastall Field Equations in the Presence of Quintessence Field
In the Rastall's proposal, the energy-momentum conservation law is revised as [2] 
where λ is a constant called Rastall parameter, which measures the deviation from GR and describes the affinity of the matter field to couple with geometry. According to this modification, the field equations are formulated as
where κ represents the gravitational coupling constant of Rastall theory. From (2), one can obtain R(4κλ − 1) = T , which shows that κλ = is not allowed in this theory, because T is not always zero. Moreover, it is also argued by Rastal that if we use the Newtonian limit and define the Rastall dimensionless parameter γ = κλ, then one can write the κ and λ in the following form
which show that the Einstein result (κ = 8π) can be obtained using an appropriate limit λ = 0 which is equivalent to γ = 0 limit. Note that from equation (3), for γ = 1 6 , the Rastall coupling constant diverges, thus γ = 1 6 is not allowed in this theory. Similarly it is evident from equation (4) 
is also not allowed [16] . Thus, finally the Rastall field equations can be formulated as
Thus Newtonian limit represents that, indeed, both the cases γ = 1 6 and γ = 1 4 are not allowed in this theory. Now in the presence of quintessence dark energy, the Rastall field equations formulated in equation (5) can be written as
where τ µν stands for the energy momentum tensor of the quintessence like field with characteristic parameter ω q satisfying the constraints −1 < ω q < − (3ω q + 1) as defined by Bhar [1] . For static spherically symmetric spacetime, the line element is given by
here we chose µ(r) = Ar 2 and ν(r) = Br 2 + C as given in [40] . The anisotropic and static matter configuration is obtained by
where ρ, p r and p t representing respectively energy density, radial and transverse pressures observed by a comoving observer. The ξ σ representing four-velocity and η σ is its unit normal vector, such that the constraints ξ
For metric (7), the Rastall field equations (6) are formulated as:
In the above system of equations, there are three equations (8)- (10) with four unknowns viz. ρ, p r , p t and ρ q . Thus, in order to solve the above system we consider that the radial pressure p r is proportional to the matter density ρ, i.e.,
where β involved in the above equation represents the equation of state parameter satisfying 0 < β < 1. Now, using eqs. (8)- (10) and (11) along with metric (7), one can easily obtain
Now, to determine the values of unknown constants involved in metric (7), we match our interior metric (7) with the appropriate exterior metric, i.e., Schwarzschild metric
where M represents the mass of the compact object (i.e., mass of black hole). The continuity of the metric coefficients i.e., g ii , i = r, t and ∂gtt ∂r
at the boundary r = R produces the following equations
Using the above Eqs. (17)- (19), one can easily obtain,
Thus using the above expressions, the values of A and B are given in Table- 1, for different four compact stars. Table 1 : Calculated values of A and B 3 Physical aspects and comparative study of the physical parameters
Compact Star
In this section, we inspect more details about the configuration of stellar object by propounding some analytical calculations and concentrated on physical properties of stellar interior. In this connection physical features of the presented model are also observed by graphical representation of obtained solutions and finally, we compare our results with GR model and the observational constraints as well.
Evolution of pressure, energy density and quintessence field
For a realistic model, density and pressure (in the present case p t and p r ) should be positive inside the stellar body, i.e., ρ > 0, p t > 0 and p r > 0. Moreover these parameters should be (i) regular throughout the configuration of the stellar object (ii) acquired their maximum values at the center and (iii) decreasing functions of r from center to surface. In our present model to fulfill these basic conditions, we propound the constraints on the Rastall dimensionless parameter γ, as γ > . Now, using Eqs. (12) and (13), one can easily obtain the following equations
It is evident from eqs. (23)- (26), at r = 0 dρ dr = 0, dp r dr = 0, d 2 ρ dr 2 < 0, and
which ensure that central density as well as central pressure are maximum, as expected due to the decreasing nature of these functions from center to surface. For instance, using the equations (12) and (13) , one can obtain the expressions for density at the center and surface and for central pressure respectively as:
Using the above expressions, the numerical values of matter density at the center as well as at the surface and central pressure has been calculated and exhibited in Tables 2-5 . The same nature as we have investigated analytically of the matter density and pressure (radial and tangential) can eminently be observed from Figs. 1 (upper left panel) and 3 (first row). The evolution of the quintessence field (ρ q ) is shown in Fig. (lower right panel) . We would like to mention that through out the study, the parameters β and w q have been taken as 0.11 and -0.7, respectively.
Energy conditions
For any physically adequate anisotropic fluid configuration the energy conditions such as null energy condition (NEC), weak energy condition (W EC), strong energy condition (SEC) and dominant energy condition (DEC) must be satisfied by the matter inside it. Basically all these energy conditions demand that the energy can never be negative because the negative energy would never make the stable configuration. These energy conditions are fulfilled if the following inequalities are satisfied simultaneously:
We interpret all these energy conditions by graphical analysis. It is clear eminently from Figs. 1 that all the energy conditions mentioned above are satisfied for our system.
Stability
Using the radial and transverse sound speeds, formulated below, we examine the stability of the present model. ν
and
For a physically suitable fluid distribution, radial and transverse sound speeds must be less than the speed of light ( in the present case we adopt the suitable units such that c = 1, where c is the speed of light) i.e., 0 ≤ ν
This condition for sound speed is called causality condition propounded by Herrera [41] . Equation (34) Fig. 2 (right panel) one can infer that the above condition for potentially stable region is satisfied for our presented model and hence the system is potentially stable within the entire configuration of the compact star considered here.
Measure of Anisotropy
To measure the anisotropy for the present model, using the relation ∆ = 2 r (p t − p r ) we acquire the expression as follows:
where
For ∆ > 0, i.e., p t > p r , the anisotropic pressure is outward directed, and for ∆ < 0, i.e., p t < p r , it is directed inward. For better understanding about the anisotropy for the present model we examine its nature graphically. Fig. 3 (lower left panel) shows that ∆ > 0 i.e., p t > p r , depicting the repulsive nature of the anisotropic pressure and hence allow the formation of more compact configuration.
Equation of state (EoS)
For our system we formulate the equation of state parameters w r and w t , corresponding to normal and transverse directions as follows:
The evolution of these parameters can be perceived from Fig. 4 (see equation (38) for w r ). It is evident that the values of equation of state parameters w r and w t remains positive throughout the entire region of the fluid sphere and lie in the interval (0, 1) which ensure the non-exotic configuration of the stellar object.
Mass function
The mass function of the compact object with radius r is defined by
The profile of the mass function is exhibited in fig. 4 (first row right panel). It is evident from the plot of M(r) that M(r) > 0 throughout the stellar interior. Moreover, as r → 0, M(r) → 0 depicting the regularity of the mass function at the center. The numerical values of the mass for different stars considered in this study have been calculated using our proposed model and presented in Tables 2-5 . We have also compared these values of mass with that of obtained from GR model and with observational data. It can be seen from Tables 2-5 that the numerical values of the masses calculated from the present model are more closer to the observed masses than that of calculated from GR model [1] .
Mass-radius ratio
This section is concerned about the discussion of mass to radius ratio. The maximum allowable limit for mass to radius ratio is discussed by Bhuchdahl [45] . He suggested that for a static spherical symmetric isotropic configuration of stellar objects, mass to radius ratio should satisfy the constraint
. Mak and Harko [46] further generalized the result of Bhuchdahl. We have calculated mass to radius ratio from our model for different strange stars (given in Table-1 ) and observed that the Bhuchdahl condition is satisfied (see Tables 6-9 ) for all the compact stars considered in this study. Now we define the compactness of the stellar model for our system as the ratio of mass (M) and radius (R)
The profile of the compactification factor u(R) is displayed in fig. 12 . The numerical values of the compactification factoru(R) calculated from our model are given in Tables 6-9 , for differen compact stars.
Surface Redshift
Using the above compactification factor u(R), the surface redshift Z s (r) is given by
The behavior of the surface redshift Z s against the radial coordinate r is shown in Fig. 4 (second row right panel). It is evident from the figure that Z s vanishes at the center and gradually increases with the increase in r. We have calculated the numerical values of the maximum surface redshift for different astral objects, shown in Tables 6-9 . In this connection it is reasonable to discuss here that the upper limit for the surface redshift is suggested as Z s ≤ 2 in [45, 47, 48] for the isotropic configuration without cosmological constant. However for an anisotropic configuration with cosmological constant, it is proposed that Z s ≤ 5 by Bohmer and Harko [49] , whereas Ivanov [50] suggested that Z s ≤ 5.211. In the light of above discussion, for an anisotropic compact star in the absence of cosmological constant the maximum value for the surface redshift calculated using the present model Z s = 0.733 is in good concurrence. 0.402 0.579748338 Table 7 : Comparison of the parameters calculated by GR and our model For Strange Star 4U1820 − 30
GR model our model our model our model from our model 0.007 0.3318750000 0.3383132691 0.3334404446 0.6668808892< 0.4773273278 0.448528782 Table 9 : Comparison of the parameters calculated by GR and our model For Strange Star P SRJ1614 − 2230 In the present work, motivated by the observational evidences of the rapid expansion of our cosmos, we have used the quintessence dark energy having characteristic parameter ω q satisfying the constraint −1 < ω q < − 1 3 , to develop a compact star model in the Rastall framework. To demonstrate the physical acceptance of our propounded model we have performed various physical tests with the help of different parameters. For the sake of clarity in our findings we also present the graphical analysis (Figs. 1-4) of the physical parameters involved in our model. A comparative study is also performed, in which we compare our obtained results with that of GR model and observational data as well, and observed that the presented model is more compatible with the observational data than GR model. Now we summarize our findings in the following points:
• Density and pressure: Among the necessary conditions for a physical model to be viable, pressure (radial and transverse) and energy density should remains positive throughout the stellar interior and gain their corresponding maximum values at the center, then decrease monotonically as r increases towards the surface. For the present model, Figs. 1 and 3 endorsed the good behavior of the energy density and pressure. From our present model we have computed the numerical values of density at the center and surface and the value of pressure at the center, using equations (27)- (29) respectively. One can note from the Tables 2-5 that central density of different compact stars (∼ 10 15 gm/cc) are beyond the nuclear density (∼ 10 14 gm/cc).
• Energy conditions: We present the graphical analysis of all the energy conditions given in inequalities (30)- (33) . Evidently it can be seen from Figs. 1 that all the energy conditions mentioned above are satisfied for our system.
• Stability: To illustrate the present model is stable we have analyzed both the conditions, i.e., Herrera cracking condition (also called causality condition) [41] and the condition for potentially stable region [41, 42] , with the aid of plot. Fig. 2 indicate that both the conditions, i.e., ν • Anisotropic Pressure: We have observed, in connection with graphical representations (Fig. 3) , that the measure of anisotropic pressure ∆ = 2 r (p t − p r ) is positive throughout the region of the compact stars considered in this study. As discussed earlier that for ∆ > 0, i.e., p t > p r , the anisotropic force is outward directed and for ∆ < 0 this force is directed inward. In the present case ∆ > 0 indicating that the anisotropic stress is repulsive and hence support the construction of more compact object.
• Equation of state: Corresponding to the radial and tangential directions, we have examined the equation of state (EoS) parameters w r and w t . Using the relations for w r and w t with the aid of Fig. 4 (upper left panel) , we have observed that the value of these parameters remain positive inside the stellar objects and also less than 1. Which is an other evidence for good behavior of the model.
• Mass function: We have plotted the mass function in Fig. 4 (upper right panel) and note that as r → 0, M → 0. Also it is evident from figure that mass function is monotonically increasing toward the surface. We have computed the numerical values of the masses, using our proposed model for different compact stars and shown in Tables 2-5 . It is eminently clear that our computed values of masses (for the chosen values of the Rastall dimensionless parameter) for different stellar objects are more closer to the observational data than the GR model proposed in [1] .
• Mass-radius ratio ( Compactification factor): In [45] Buchdahl introduced the upper limit for the mass to radius ratio which is . Also a generalized version of the Buchdahl limit is given in [46] . In this sequel we have defined the compactification factor u(R) as the ratio of the mass M(r) and radius R. The profile of u(R) has been shown in Fig. 4 (lower left panel) depicting the increasing nature of this factor from center to surface. Also we have computed the value of compactification factor using our model given in Tables 6-9 . We have observed from Tables 6-9 that the Buchdahl condition is fulfilled by our model.
• Surface redshift: The profile of the surface redshift has been shown in Fig. 4 (lower right panel). It is observed that Z s is zero at the center and increases with the increase in r.
The maximum value of the surface redshift has been computed from our model for different compact stars and given in Tables 6-9 . In view of the discussion in [47] - [50] about the upper limit of the surface redshift, we argued that the maximum numerical value for surface redshift computed from our present model Z s = 0.733 is in good concurrence.
